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Abstract 

 

 

This paper examines the first appearances of the isoquant, a concept which is central 

to production and supply theory.  It appears to have been discovered independently by 

Bowley, Frisch, Cobb and Lerner in that order.  Frisch coined the term isoquant. It is 

possible but not likely that Frisch took the concept from Bowley, and Lerner may 

have taken it from R. G. D. Allen.  The paper also discusses why the discovery of the 

isoquant was not made until more than 40 years after that of the indifference curve 

when to a modern analyst the isoquant appears isomorphic to the indifference curve 

and could have been copied straight from utility theory.  



 3 

 

 

While the isoquant is one of the most basic concepts in economic theory and appears 

in every microeconomics textbook, its history has not been recorded in any detail.  

Most textbooks and works on production theory are silent on this aspect.  A few 

authors attribute the first appearances of isoquants variously to W. E. Johnson, Ragnar 

Frisch, Erich Schneider, Abba Lerner or John Hicks.  Boulding (1942, p. 800) writes 

that “The use of isoquants to describe the production function did not develop to any 

great extent until the thirties.  Frisch [undated], Schneider [1934] and Hicks [1939] 

make use of them.” 1  Schumpeter (1954, p. 1045, n.42) states that Frisch introduced 

the term but does not give a reference and adds, without explanation, “…but 

originally for a different concept, for which it should have been reserved.”  Niehans 

(1990) identifies Lerner (1933) as presenting an early version of the isoquant map.   

By the late 1930s the isoquant was in widespread use: see, for example, the well 

known works by Allen (1938, especially chapter 11.8 and 13.7), Carlson (1939, p. 19) 

and Hicks (1939, p. 91), but none of these gave any reference to prior use of 

isoquants.   

 

The absence of a history of the isoquant is in marked contrast to the universal 

recognition that Edgeworth (1881) invented the concept of the indifference curve.2  It 

 
 
*I wish to acknowledge the many helpful comments and suggestions received from Mark Blaug, Olav 
Bjerkholt, John Creedy, Robert Dixon, Tom Humphrey, Yann Giraud and June Flanders.  In particular 
I wish to thank Olav Bjerkholt for his time in locating material from the Norwegian National Archives 
relating to the various editions of the notes of Ragnar Frisch’s lectures which were circulated at the 
University of Oslo from 1927 onwards.  Three referees and the editor offered helpful suggestions. 
 
1 The dates given in parentheses are those given by Boulding in footnotes.  
 
2 The Austrians, Auspitz and Lieben (1889) discovered the indifference curve independently of  
Edgeworth but their curve is in three dimensions.  Their work influenced both Fisher and Pareto.  
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turns out that the isoquant does have an interesting history of multiple discoveries or 

apparent discoveries.  Section 1 outlines the first appearances of the isoquant, as far as 

I have been able to trace them, in chronological order.  The contributions of two of 

these authors, namely Bowley and Cobb, seem not to have been noted before.  Section 

2 discusses the obvious question of why the discovery of the isoquant was not made 

until more than 40 years after the discovery of the indifference curve, when to a 

modern analyst the isoquant appears isomorphic to the indifference curve and could 

have been copied straight from utility theory.   

 

1 

 

The concept of a production function with inputs that are substitutable for each other 

dates back to von Thünen’s The Isolated State, Volume II, Part I which first appeared 

in the expanded 1850 edition.  Early Neoclassical production theorists almost 

invariably assumed there were one output and three or sometimes two inputs.  The 

attention was focused on the marginal product contours of the production function and 

on marginal productivity factor pricing and the distribution of factor incomes.  The 

isoquant is the graph of the level surface of a production function with one output and 

two inputs.  Early production theorists such as von Thünen, Wicksteed, Menger, 

Walras, Wicksell and Marshall did not graph these relationships.  Schumpeter (1954, 

p. 917n) credited Carl Menger (1871) with being the first to explicitly state that a 

given output could be produced with different combinations of two inputs.  My 

concern is the graphical representation of the idea of factor substitution.   
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Borts and Mishan (1961-62, p. 300) state that Johnson introduced the isoquant.  It was 

Johnson who introduced the modern graphical analysis of utility maximisation.  In 

addition to his statement of utility as an ordinal function of the quantities consumed 

by a consumer, he graphed, for the case of two consumable commodities, the 

indifference map. He gave the indifference map the usual shape with downward-

sloping and convex indifference curves, and drew in the budget line for fixed prices, 

which he calls a “price line”.  He then obtained the utility –maximising solution at the 

tangency point.3 

 

In Part IV Johnson generalised this analysis to the case of several goods. In doing so, 

he stated that “…the maximum product (or utility) derivable from the expenditure of a 

given sum on n factors (or commodities) is discussed.” (Johnson, 1913, p. 98).  He 

discussed the conditions required for a maximum.  He drew a diagram of a 

“production surface” which shows the relationships between two groups of inputs.   

 

It is not clear how to interpret this extension.  The statement cited in the last 

paragraph is cryptic in the extreme.  Johnson gave no reason why he should suddenly 

switch to a production function with n “factors” in a paper on “The pure theory of 

utility”.  He did use different symbols for factors and for the product than used for 

 
3 Schumpeter (1954, p. 1063n.) averred “This important paper contains several results that should 
secure for its author a place in any history of our science.”  Niehans (1990, p. 296) judged “Johnson’s 
most interesting result related to the theory of production.  The ratio of average cost to marginal cost, 
he found, is equal to the elasticity of output with respect to a uniform change in the scale of all factor 
inputs.”  Johnson called this elasticity the “elasticity of production”.  Frisch (1965) called it the “passus 
coefficient”.   
 
An even more remarkable and more important result, in my view, is his grouping of factors in the 
production function.  If the production (or utility) function with multiple inputs can be written as a 
function of functions (i.e. it is weakly separable), the output (or utility) can be maximised in two steps.  
This is essentially the result of two-stage utility maximisation published by Strotz (1959), to much 
acclaim.  
 



 6 

utility and the consumable commodities in Parts I - III.  On the other hand, he was 

concerned with maximising product (or utility) rather than minimising the cost, and in 

his description of maximising the product, he also talked of the utility.  Borts and 

Mishan interpreted this as the discovery of isoquants but, in their accounts of the 

history of production theory, Schumpeter (1954, chapter 7.8) and Niehans did not.  

One interpretation is that Johnson intended his description in Part IV to apply to both 

utility theory and production theory.  A second interpretation is that, when 

generalising his analysis of utility maximisation to the case of more than two 

commodities, Johnson slipped into the language of production theory.  In any case, he 

did not draw an isoquant showing the combinations of two inputs that can produce the 

same output.  

 

The first unquestionable appearance of isoquants is in Bowley (1924, p. 30).  As a 

step in the derivation of the supply curve of a single producer, Bowley examined the 

problem of minimising the cost of producing a given output of some good which is 

produced by multiple inputs.  Following the method of calculus used by Walras in the 

editions of his Elements from 1874, he obtained the first-order condition of cost-

minimisation (see Jaffé’s translation of the definitive 1926 edition in Walras, 1954, 

pp. 384-85). That is, the marginal product of one factor divided by its price is equal to 

the same ratio for other factors, or as we would usually express it today, the marginal 

rate of substitution for between any two inputs is equal to the ratio of input prices.   

 

As an example, Bowley took the following production function where one output (x) 

is produced using two inputs (designated as y1  and y2): 

 
2

1 1 2
2 3x y y y         



 7 

He drew an isoquant map with the three isoquants x  = 5, 10 and 15. (This is 

reproduced as Figure 1 below, whereas it is labelled Figure 6 by Bowley).  He did not 

use a term to describe these level surfaces.  He took the prices of the inputs, π1 and π2 

respectively, as given.  He then drew in an isocost line for π1 = 2 and π2 = 1 and 

showed graphically the cost-minimising combination of inputs for x= 10.  

Algebraically, he derived the total cost function, which he called the integral supply 

function.  This is C = 2y1 + y2 where I am using the symbol C to denote total cost.   

His average cost function, which he called the integral supply curve4, is  C/x = 4/3x1/2.  

For his choice of input prices, the solution is in the interior of the input space.  

(Bowley, 1924, p. 21) recognised that, for low prices of the input 1 relative to that of 

input 2, the cost-minimising solution is on the boundary of the input space, using only 

the input y1.  This result is truly impressive as he has derived the correct general cost 

minimisation result without having at his disposal the modern Kuhn-Tucker Theorem. 

In this regard, he advanced beyond the method of Walras. 

 

Bowley’s choice of production function will strike the modern microeconomist as 

odd.  First, it is homogeneous of degree 2.  It therefore exhibits strong increasing 

returns to scale and its dual cost function exhibits strong decreasing unit costs, as 

shown by the average cost curve in the paragraph above.  However, Bowley also drew 

total cost curves and average cost curves of the correct shape for the cases of constant 

returns and decreasing returns to scale. Second, both of the marginal product 

functions are constant with respect to variations in the own factor and, therefore, do 

not exhibit diminishing returns to the factor.  The marginal rate of substitution 

 
4 His supply curve is derived on the assumption of zero profits by his setting average cost = product 
price.  This is not the rule which maximises profits and this curve is not a supply curve, as pointed out 
by Barreto (1989, p.p. 86-88).  There is a deeper problem here as continuously decreasing unit costs 
produce a natural monopoly, which is not consistent with competition, parametric pricing and zero 
profits. 
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diminishes, however, giving the isoquants the strictly concave-from-above shape that 

became conventional in the later 1930s.  For Bowley this property was necessary in 

order to obtain a unique minimum cost solution for each set of factor prices and a 

single-valued cost function.   

 

In deriving his cost and supply functions, Bowley gave no reference to other authors 

but, in discussing the elasticity of the supply function, he referred to Johnson (1913).  

He almost certainly got the idea of isoquants from Johnson’s use of indifference 

curves.  

 

Ragnar Frisch began lecturing on production theory at the University of Oslo in 1926 

(Frisch, 1965, p. v) and circulated the first set of written notes on these lectures in 

1927.  After the Second World War, these were called the First edition of the notes. 

The isoquant diagram did not appear in these notes.  It appeared for the first time in 

the notes for the 1928-29 lectures (Frisch, 1929/30, Figure 3), in the Second edition.  

This diagram is reproduced below as Figure 2.5  The two inputs are labor (number of 

working days) and land (dekars of land) and the output of the product is measured in 

litres.  These isoquants are a plot of a numerical example of agricultural production.  

The Ninth edition, based on the 1935 notes, was translated into English in Frisch 

(1965), and the chapters 12-19 were added at this time.  This edition contained, as an 

illustration, the table used to construct the original 1927 isoquant diagram (Frisch, 

1965, Table 5a.10).  However, the isoquant diagrams in this edition were derived 

from different examples.  

 
 

5 This figure was scanned for me by Olav Bjerkholt at the University of Oslo.  The copy used was 
Frisch’s own copy and the handwriting overlaying the figure is his.  
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In these lecture notes Frisch reformulated the theory of production.  In the case of a 

single output production function with two inputs, he graphed in 3-space the total 

product curve.  Holding the output constant at some level, he then projected 

combinations of the inputs that produce this output on to the 2-dimensional input 

space.  “These projected curves we call isoquants.  An isoquant, in other words, is the 

curve which is drawn through the factor diagram and is such that the product quantity 

remains constant along this curve” (Frisch, 1965, p. 50).  In the notes for the 1928/29 

lectures, he explored the shape of the isoquants and other contours of the production 

function at length.   The example used in his figure 3 is an example of a production 

function which is homogeneous of degree one, in modern terminology.  He noted that 

the slope of an isoquant in this diagram is constant along a ray from the origin and in 

his isoquant diagram draws parallel lines to illustrate this property.  His isoquants also 

have a positive slope, or bend backwards, at the limits of the diagram.  This occurs 

because the marginal product of one factor is negative in this region (see Borts and 

Mishan (1961-62) for further treatment of the “uneconomic” region of the production 

function). In later editions, he went on to derive the conditions for cost minimisation, 

using the Lagrange multiplier technique, for the cases of both fixed and variable input 

prices.  He illustrated cost minimisation with an isoquant map and isocost lines.   

 

In a brief section on “History of some basic concepts” in his 1965 book, Frisch cited 

the work of Ricardo and von Thünen, some agricultural chemists and some of the 

Neoclassical theorists (Wicksteed, J. B. Clark, Walras and Wicksell).  But he made no 

reference anywhere in the book to Bowley and had only two brief references to 
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Johnson6.  However, he knew Bowley well and might have known of his use of the 

isoquant.7  On the other hand, Frisch’s approach to isoquants and production functions 

was rather different than that of Bowley.  In particular, he used the isoquant to 

develop the concept of the isocline (the line connecting all points with a constant 

marginal rate of substitution) and the passus coefficient (the relationship between an 

equi-proportionate change in all inputs and the proportionate change in output).  He 

then uses these concepts to explore other properties of the production function.  In 

addition, he uses as one numerical example a quadratic function but, unlike the 

quadratic function used by Bowley, his has the property that the marginal product 

functions at first increase, reach a maximum and then diminish,  Hence, if he had read 

Bowley (1924),  it did not influence his approach. These differences suggests an 

independent origin.8   

 

Whatever the source of the concept in his work, Frisch can be credited with the 

discovery of the name, the “isokvant” in Norwegian.  In the 1930s he derived 

empirical versions of isoquants (see in particular Frisch, 1935).  He made many other 

contributions to the theory of single- and multiple-output production processes, which 

 
6 In the Ninth edition of his notes, Frisch (1965, pp. 65, 88) refers to Johnson (1913) in relation to his 
passus coefficient and to the multi-factor approach but in the second reference he confuses W. E. 
Johnson with another economist, Alvin Johnson.  This edition was written some time after 1940. 
 
7 According to the Norwegian economist Olav Bjerkholt, “He involved in 1926 Bowley in his plans for 
an econometric journal and association and had him elected to the first Council of the Econometric 
Society.”  Thus Frisch is likely to have known about Bowley’s work in fields of his own interest.” 
(private communication).  Professor Bjerkholt is in the process of preparing Frisch’s papers for deposit 
in the National Library of Norway.  
 
8 In other respects too his treatment of production theory differs from that of Bowley and other English 
writers before him.   Like the English economists, he refers to scale as in the scaling of a bundle of 
factors but Frisch does not distinguish clearly between the three cases of constant, increasing and 
decreasing returns to scale.  He comes to production functions which are homogeneous of degree one 
not as the family of functions which have constant returns to scale technology but by noting they are 
production functions with the property that the passus coefficient is equal to unity for all combinations 
of factors (Frisch, 1965 Section 5h).   
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will not concern us here. Frisch’s production theory had a major influence on later 

Scandinavian and continental theorists such as Carlson and Schneider.  

 

In regard to the name, it has been noted in biographies of Frisch that he coined many 

terms, including “econometrics” and “macroeconomics”, the “pari passu law” and 

“polypoly”.  Indeed, he has been called “the lord of economic nomenclature” ( 

History of Economic Thought, 2010). In his famous paper on utility theory, published 

in French in 1926 and written before the first edition of his notes on production 

theory, Frisch used the term “isoquant” for the relation between the relative goods 

price and real income, holding constant the quantity of the good (Frisch, 1971, p. 

404).  Apparently he transferred the term to production theory in order to denote a 

different relationship but one also relating to a curve with the quantity of the (output) 

good held constant.  This explains Schumpeter’s enigmatic remark. 

 

Cobb (1929) drew a “family” of  isoquants, which he  simply called “curves” or 

“contours”, for the Cobb-Douglas functional form of the production function.  Cobb 

was the mathematician who assisted Paul Douglas in the development of the Cobb-

Douglas production function.  After the publication of their joint article in 1928 (Cobb 

and Douglas 1928), Cobb (1929) developed geometric illustrations of the contours of 

this function.  These include one figure of what we now call an isoquant map. This 

figure is reproduced below as Figure 3.  “Then on the IC plane, Chart I, we may 

represent ‘production’ by a family of curves (contour lines) along each of which P = 

constant…” (Cobb, 1929, p. 225).  As the inspiration for his contour lines, he referred 

to Pareto’s Cours D’Économique, published in 1986, “in which the idea of using 

contour lines in economics is ascribed by Pareto to Edgeworth”.  Cobb’s original 
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development of an isoquant map seems to have disappeared in the literature on 

production theory apart from the citation by his co-author in Douglas (1934, pp.21-

18).  Douglas reproduced the figure.  Following Cobb, Douglas simply called the 

isoquants “contours.”  He noted that the concept was developed “independently” by 

Cobb whose use of contours had been anticipated by Edgeworth’s use of them in 

utility theory.  

 

Other books or works on production theory written in the 1920s did not contain 

isoquants.  The eighth edition of Alfred Marshall’s Principles, first published in 1920 

and reprinted several times in the 1920s and 1930s, did not contain isoquants or 

indeed production functions (Marshall, 1920).  Similarly, Frank Knight (1921, pp. 99-

103) and John Black (1926), in his extensive book on production economics, did not 

contain isoquants.  All three, however, contained detailed statements of the Law of 

Diminishing Returns, and all drew total and marginal product curves or schedules.  

Moreover, all three had marginal product curves with the rising then falling shape of 

those in Frisch.  

  

Isoquants next appeared in the early literature on the concept of the elasticity of 

substitution in production.   The elasticity of substitution was discovered 

independently by John Hicks (1932) and Joan Robinson (1933) in their discussions of 

factor substitution when relative factor prices change.  (Dixon (2010) provides a 

history of the concept.)  However, neither Robinson nor Hicks used isoquants in their 

work on the elasticity of substitution.  The publication of the books by Hicks and 

Robinson led to a flurry of articles on this measure in the newly-launched journal, the 

Review of Economic Studies.  Lerner (1933) showed for the first time that the 
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elasticity was a measure of the curvature of the isoquant.  Nowadays we define the 

elasticity of substitution in this way.  

 

In his clarification of the nature of the elasticity of substitution, Lerner seems to have 

invented the isoquant independently.  “The interesting concept of the elasticity of 

substitution developed by Dr J. R. Hicks in his Theory of Wages might be more easily 

handled by some people if it could be expressed in diagrammatical form, so that the 

elasticity of substitution could be read off in the same way that the elasticity of 

demand is read off a demand curve.  It will be attempted in this note to show how 

such a curve could be produced.” (Lerner, 1933, p. 67).  He graphed an isoquant, 

identifies the slope of the isoquant as the ratio of the marginal products and then 

graphed this ratio as a function of the ratio of factors, or the factor intensity ratio as 

we now call it.  (These graphs are reproduced in Figure 4 below, where it is labelled 

Fig. II by Lerner.)   The elasticity at a point on this graph is the elasticity of 

substitution.  He did not refer to any previous writer and called the isoquant the “equal 

product curve”.  In his second note on the elasticity of substitution in the same 

journal, he (Lerner, 1934) called the curve the “isoquant”.   This appears to be the first 

use of the term “isoquant” in the English language literature but we do not know from 

whom Lerner took the term.  

 

In December of the same year (1933), Lerner wrote his famous paper proving factor 

price equalisation in a two-country two-good two-factor model of international trade.  

This paper was presented to a graduate seminar at the London School of Economics 

but was not published until 1952 (Lerner, 1952).  In this paper too, he used isoquants.  

He demonstrated knowledge that, in the case of production functions which are 
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homogeneous of degree one, the ratio of marginal products is constant along a ray 

from the origin.   He made other major advances in the use of isoquants.  To 

accommodate the general equilibrium analysis of two goods markets simultaneously, 

he constructed a diagram in which the budget line has factor prices that are the same 

to both industries and is tangential to two isoquants for the two goods.  This construct 

is now widely used in international trade theory and is called the Lerner Diagram (see 

Deardorff, 2010).  He also constructed a production box for a single country with 

fixed endowments of the two factors.  This is now called the Stolper-Samuelson box 

because it was developed independently by Stolper and Samuelson (1941).  This is a 

dazzling display of graphical ingenuity by Lerner.    

 

Lerner’s isoquants, both in papers dealing with the elasticity of substitution and those 

dealing with the theory of international trade, have the properties of a negative slope, 

do not intersect the axes and are strictly concave from above.  They look like the 

isoquants of modern textbooks.  

 

Lerner’s familiarity with the properties of isoquants is remarkable.  Indeed, his 

statement that, for production functions which are homogeneous of degree 1, the ratio 

of marginal products is constant along a ray from the origin was the first in the 

English literature9, to my knowledge.  He may have learned some production theory 

from Hicks’s book Theory of Wages, which he cited, but there was no discussion in 

this book nor in the Hicks-Allen work on demand theory of the property that the 

marginal rate of substitution is constant along a ray from the origin when the function 

 
9 As noted in the text, this property appeared earlier in Frisch’s 1928/29 lecture notes.  It is possible, 
therefore, that Lerner learnt of it from Frisch, perhaps indirectly from a third person who had read these 
notes in Norwegian.  This seems less likely than his having learnt of it from Allen and/or Hicks.  
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is linearly homogeneous.  R. G. D. Allen (1938, chapter 12.8-9), however, had a clear 

statement of this property of homogeneous production functions and in the Foreword 

he indicated that his book is based on a series of lectures given at the London School 

of Economics since 1931.  Lerner was a student at LSE over the period 1929 to 1934.  

His isoquants have the same properties as those in Allen (1938).  This raises the 

possibility that Allen presented isoquants in his LSE lectures and Lerner learnt of 

them from Allen.10  Allen learnt of isoquants from Bowley.  In Allen (1932), while 

writing on the theory of exchange, he cites Bowley’s  The Mathematical Groundwork  

and in the Foreword to his 1938 book Allen says that he is “particularly indebted” to 

him.  

 

Thus, the isoquant appears to have been discovered independently by two economists 

- Bowley, Frisch -  and perhaps also by Lerner and by one mathematician writing 

about economics, Cobb.  However, only two of these are independent discoveries for 

certain, namely, those by Bowley, the first of the apparent discoverers, and Cobb.  

Neither Bowley nor Cobb has previously been listed as a discoverer.  Frisch and 

Lerner might have obtained knowledge of the isoquant from the work of Bowley 

directly or indirectly.  

 

While multiple discoveries or appearances of the same concept or theory are well 

known in economic theory, in this case the language factor may explain the neglect of 

 
10 Yann Giraud, who has written on Lerner’s contribution to graphical economic analysis, notes that 
“Lerner was an undergrad at the time so we may think he did not attend the graduate seminar.  
However, as he had been awarded numerous prizes for his works and was already a publishing scholar 
at the time, we may also think he was studying much beyond the undergraduate level.  Also, there was 
an ‘economic club’ at the LSE, of which Hicks was responsible. Plus, Lerner was editing the Review of 
economic Studies with Ursula Webb at the time and for that they may have had informal relations with 
the seniors. ” (private communication).  
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Frsich’s contribution.  Frisch’s early work on production theory was written in 

Norwegian and seems to have escaped the attention of production theorists writing in 

English until Boulding (1942) and did not receive widespread recognition until the 

English language edition appeared in 1965.  However, in their books on production 

theory, the German economist Schneider and the Swedish economist Carlson 

acknowledged Frisch.     

 

One difficulty in crediting a discovery to writers in the early 20th century is the rather 

lax standards of acknowledgement by authors of this time.  However, we do know 

that some authors sent copies of offprints of articles to contemporary colleagues. 

Some were in direct contact, as in the case of Bowley and Frisch.  Many of the key 

figures – Frisch, Schneider, Allen, Hicks, Bowley and Lerner – were members of the 

Econometric Society.  Frisch was the inaugural Editor of the journal of the 

Econometrics Society, Econometrica. These unrecorded contacts make it difficult to 

be certain of original contributions.   

 

2 

 

The long lag between the use of indifference curves in utility theory and the use of 

isoquants in production theory seems at first sight to be odd.  Since at least the time of 

Allen’s influential textbook first published in 1938, the textbook treatment of 

isoquants has paralleled that of indifference curves. They are treated as the level 

surfaces of the production function and the utility function respectively, and their 

properties are developed along similar lines.  A production function and a utility 
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function are not fully isomorphic because the former is ordinal11 and the latter 

cardinal.  The level surfaces are not affected by this distinction and much the same 

restrictions are usually imposed on these surfaces in production and utility theory.  

 

However, this modern perspective is misleading in terms of the lag between the 

development of indifference curves and isoquants. Edgeworth’s indifference curve 

was not plotted in the same way as the modern indifference curve.  Edgeworth 

developed the indifference curve in his analysis of bilateral bargaining.  He began his 

analysis with Marshall’s offer curve which has the quantities of two goods traded 

between two persons on the two axes.   A more complete diagram is given in 

Edgeworth (1891, p.  330).  This is reproduced below as Figure 5.  On this diagram, 

Edgeworth superimposes the bargainers’ indifference curves.  Consequently, they are 

upside down for one individual and positively sloped for the other, and the origin is a 

point within the diagram depicting trading possibilities that is not indicated.     

 

The modern shape of the indifference map emerged in the works of Fisher and Pareto.  

Fisher (1892, Figure 18) presents a map of indifference curves. With the origin drawn 

in the modern way and putting the quantities consumed of the two goods on the axes, 

he obtains convex indifference curves of the modern shape.  The only peculiarity is 

that his indifference curves bend backwards as the quantity consumed of one product 

continues to increase and they are drawn as concentric lines which converge on a 

point of maximum utility.12 He gives an ordinal interpretation to these curves.  Pareto 

took the concept of the indifference curve from Edgeworth.    His indifference curves 

 
11 This ignores the cardinal nature of the utility function in early utility theory and in the presence of 
uncertainty.  Cardinality was the dominant view in the 19th century. 
 
12 He also has other shapes for cases such as perfect substitutes and perfect complements. 
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first appeared in Pareto (1893).  He too reoriented the axes to the modern position.  In 

his major book, Manual of Political Economy, first published in 1906, his indifference 

curves have the standard modern properties  -  downward sloping, convex and 

everywhere dense curves (Pareto, 1927, especially chapter III, Section 52 and 

Appendix 1).   Johnson (1913) did not cite the work of Fisher or Pareto.  He also 

changed Edgeworth’s graph of the indifference curve by putting the quantities 

consumed of the two goods on the axes, thereby again giving the indifference curve 

its modern convex shape.  Hence, production theorists could have copied utility 

theorists in drawing the level surfaces of the production function from any of these 

authors after 1892.  

 

Even after the appearance of the isoquant in the works of Bowley, Frisch, Cobb and 

Lerner, the isoquant appears infrequently in the theory of production in the firm until 

the publication of the textbook by Allen (1938).  A notable example of the use of 

isoquants in this period is Cassels (1936).  He uses isoquants to discuss the law of 

diminishing returns but he gives no source.  Remarkably, Hicks and Joan Robinson 

did not use isoquants in developing the concept of the elasticity of substitution in 

production or discussing cost minimisation.  In the Theory of Wages, published in 

1932, Hicks develops the algebra of factor substitution and cost minimisation.   

Isoquants do not appear in Hick’s work until Value and Capital, which was first 

published in 1939, where he uses them to demonstrate cost minimisation (Hicks 

(1932, Figure 21)).   

 

In his neglected cameo, Cobb (1929) did in fact develop the family of isoquants by 

analogy with the indifference map.  Similarly, in approaching cost minimisation in 
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Value and Capital, Hicks writes of the “parallelism” between the theory of the firm 

and the theory of the consumer (Hicks (1932, p. 78).  Furthermore, Hicks (1939, p. 

91) describes the convexity of the isoquant as the principle of diminishing marginal 

rate of substitution by analogy with the same prior principle in the theory of utility 

functions.   

 

Why did production theorists lag more than three decades behind utility theorists in 

developing the level surfaces of their functions?  There are several possible 

explanations.  Some focus on a feature of the utility function and others on a feature 

of the production function.  

 

One possibility is the ordinal nature of utility functions (after Edgeworth and the early 

Pareto) compared to the cardinal nature of production functions.  Later Pareto (1906) 

emphasised that he began with indifference curves as sets of goods between which the 

consumer is indifferent and then represented these lines by an arbitrary index 

function:   

 “He [Professor F. Y. Edgeworth] assumed the existence of utility (ophelimity) 

and deduced the indifference curves from it.  On the other hand I consider the 

indifference curves as given, and deduce from them all that is necessary for the theory 

of equilibrium, without resorting to ophelimity.” (Pareto, 1927, p. 119, n.1)  

This appears to be a different approach than the derivation of isoquants in production 

theory.  However, when his indifference curves first appeared in Pareto (1893, 

translated in Marchionatti and Mornatti, 2007) he had a cardinal interpretation of 

utility.  Here, like Edgeworth, he derived these surfaces from a cardinal function.  His 

reverse derivation of the utility function from the indifference curve came later.  
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Marchionatti and Mornatti (2007, p. xxv) date his conversion to an ordinal 

interpretation of utility to 1899.  Similarly, Fisher began with the (ordinal) utility 

curve and derives the indifference curve from it.  Because the level surfaces are not 

affected by this cardinal/ordinal distinction, it cannot explain the lag in adoption.  

 

A second possibility is that substitution is more difficult for producers than 

consumers.  In the first three editions of Elements, Walras constructed his equations 

of general equilibrium under the assumption that the coefficients of production were 

fixed.  This was done in the interests of simplicity in a large system of equations.  

Von Wieser also assumed fixed coefficients in his theory of distribution (see Stigler, 

1941, chapter VII).  However, the Neoclassical theorists of the last quarter of the 19th 

century generally assumed factors to be substitutable in their discussions of the Law 

of Diminishing Returns and marginal productivity factor pricing, as had von Thünen 

before them.  

 

A third feature fixes on another characteristic of early production theory.  Following 

the practice of the English Classical writers, all Neoclassical writers on production 

and distribution theory distinguished a trilogy of factors – land, labor and capital.  

Some distinguished between types of capital, land and labor.  Walras presented his 

production theory in terms of many factors.  In the 1900 Edition and in the Definitive 

Edition of 1926, he allows factor substitution and variable coefficients and came close 

to discovering the isoquant (Walras, 1954, Lesson 20, Translator’s Note 3 and Lesson 

36, Translator’s Note 1).  When addressing the problem of choosing the input 

coefficients so as to minimise the cost of producing a unit of each good, he states the 

equation for the set of inputs which yield the same output of a good.  His “productiojn 
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equation” is the equation of the unit isoquant, given in implicit form.. Even with three 

or more factors, the level surface of the production function is a cumbersome device 

which was never represented graphically when the concept of the isoquant was 

developed.  

 

One must be careful in interpreting the evolution of theory from the perspective of 

modern production and utility theories.  There are differences in the purposes for 

which production and utility functions were developed.  For example, much of the 

early development of the production function was associated with marginal 

productivity theory and the theory of distribution which has no counterpart in utility 

theory.  Yet, indifference curves and isoquants are a tool of exposition that were 

introduced to explain and explore technical properties of the functions that had been 

developed.  In this role they are not affected by the different purposes of the theories.   

 

The isoquant emerged eventually in two circumstances. First, when production 

theorists wanted to illustrate a model of production by geometric methods the 

isoquant diagram was introduced.  Both Bowley and Frisch, the first two developers 

of the isoquant diagram, formulated their model of production at the outset in terms of 

a production function with an arbitrary fixed number of inputs.  They then used a two-

input model as a simplification to illustrate principles of factor substitution, the Law 

of Diminishing Returns and cost minimisation.  The second circumstance was when 

the production function had only two inputs, labor and capital.  As a result of the 

Industrial Revolution, the contribution of land to national output shrunk steadily in 

Europe and North America and economists began to think of output as the product of 

the two factors labor and capital.  Cobb and Douglas had developed their two-factor 
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function to explain the contributions of labor and capital to production in the 

Manufacturing sector of the USA over the period 1899-1922. 

 

By contrast, in using his diagram to pioneer the general equilibrium theory of 

exchange, Edgeworth was restricted to analysis with two goods and two consumers. 

In this context, the indifference curve was a natural device to determine the multi-

market equilibrium.  Edgeworth’s work was well known to Fisher, Pareto, Johnson 

and other utility theorists who followed him.  It was natural for them to use a utility 

function with the quantities of two goods as the arguments of the function.  

 

Once discovered, the isoquant turned out to be a powerful graphical device to explain 

the contours of production functions, factor substitution and the minimisation of the 

cost of production.  The isoquant is still used in all of these ways in contemporary 

textbooks.  
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Figure 1. Bowley’s Diagram 
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Figure 2. Frisch’s Diagram 
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Figure 3. Cobb’s Diagram 
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Figure 4. Lerner’s Diagram 
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Figure 5. Edgeworth’s Diagram of Bilateral Trades 

 


